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ABSTRACT
Thermal convection induced simultaneously by horizontal temperature gradient and vibration in a rectangular cavity filled with molten
silicon is investigated numerically and theoretically. The time averaged equations of convection are solved in the high-frequency vibration
approximation. The Chebyshev spectral collocation method and a Newton-type method based on the Frechet derivative are used in the
numerical solution of the streamfunction formulation of the incompressible Navier-Stokes equations. Validation by comparison with previous
studies has been performed. Different values of the Grashof number Gr and vibrational Grashof number Grv and all the possible orientations
of the vibrations are considered. Numerical results show that depending on the vibration direction, the flow can be amplified or damped,
with even the possibility of flow inversion which can occur between critical vibration angles α1 and α2. A general theoretical expression is
derived relating these critical angles and the ratio of vibrational to buoyant convection parameters, Grv/Gr. A very good agreement between
the theoretical and numerical results is obtained.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5090264

I. INTRODUCTION

When a fluid with a temperature gradient is subjected to exter-
nal vibration, a supplementary flow, known as thermovibrational
convection, can be generated and this flow will transport heat and
matter as does buoyant convection. Vibrations can then be used to
suppress or strengthen buoyant convection depending on the vibra-
tion orientation and the thermal or compositional gradients.1 Buoy-
ancy and vibration induced flows are characterized by two dimen-
sionless parameters, the Grashof (Gr) and vibrational Grashof (Grv)
numbers. Grv depends on the amplitude of the vibration, the angu-
lar frequency, and the applied temperature difference. The relative

importance of thermovibrational and buoyant convection mech-
anisms is defined by the ratio Grv/Gr. Gershuni and Lyubimov2

summarized the theory of thermovibrational convection with high
and finite frequency vibrations in closed and infinite cavities. For
small amplitude and very high-frequency vibration, the period of
vibrations is small in comparison with the reference viscous and
heat/mass diffusion times, which permits us to use the averaging
technique and obtain the set of equations governing the averaged
heat and flow fields. Gershuni and Lyubimov2 showed that when the
direction of vibration is perpendicular to the temperature gradient
under weightlessness, a nonzero mean flow exists at any value of the
vibration amplitude.

Phys. Fluids 31, 043605 (2019); doi: 10.1063/1.5090264 31, 043605-1

Published under license by AIP Publishing

https://scitation.org/journal/phf
https://doi.org/10.1063/1.5090264
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/1.5090264
https://crossmark.crossref.org/dialog/?doi=10.1063/1.5090264&domain=aip.scitation.org&date_stamp=2019-April-23
https://doi.org/10.1063/1.5090264
https://orcid.org/0000-0002-2586-904X
https://orcid.org/0000-0001-8851-7669
https://orcid.org/0000-0003-2928-4433
https://orcid.org/0000-0002-7231-7918
https://orcid.org/0000-0002-0180-3089
https://orcid.org/0000-0002-7905-3476
https://doi.org/10.1063/1.5090264


Physics of Fluids ARTICLE scitation.org/journal/phf

There have been extensive studies of thermovibrational con-
vection in weightlessness and ground conditions in various con-
figurations.1–19 These studies are often motivated by the difficulties
faced during crystal growth, solidification of molten alloys, and other
related industrial processes. These difficulties concern the control of
the composition of the final solid material, particularly the level of
impurities, which is connected with the control of the natural con-
vection and the heat and mass transfer in the melt during the solidi-
fication process. The use of vibrations is an interesting nonintrusive
means to achieve this control.

The main research studies on thermovibrational convection
have used the model developed by Gershuni and Lyubimov2 but
have applied it in situations of increasing complexity, from 1D
model configurations to fully 3D complex situations. Gresho and
Sani3 and Gershuni et al.4 were the first to investigate the effect of
sinusoidal gravity modulation in a differentially heated fluid layer
through linear stability analysis. They found that the gravity modula-
tion can significantly influence the stability of a system by increasing
or decreasing its susceptibility to convection and that stabilization
can be obtained for small amplitude vertical oscillations.

Gershuni et al.5 presented the first numerical results of ther-
movibrational convection in rectangular and square cavities in
weightlessness. Numerical results of the gravity modulation effect on
thermal convection in microgravity and terrestrial conditions have
been reported by Biringen and Peltier.6 They made a more general
nonlinear three-dimensional analysis and confirmed the pioneering
results of Gresho and Sani3 and Gershuni et al.4 Natural heat convec-
tion suppression in semiconductor melts with the help of horizontal
vibration is studied by Uspenskii and Favier7 in vertical and hor-
izontal Bridgman configurations. They compared the efficiency of
fluid motion damping under the magnetic field and vibrations and
found that the damping is more efficient with the magnetic field for
the horizontal Bridgman geometry.

Thermovibrational convection in a cubic fluid cell has been
investigated by Savino, Monti, and Piccirillo.8 A qualitative similar-
ity between their three-dimensional results and the previous two-
dimensional simulations has been found. Lan9 found that the axial
vibration can be effective for the control of melt flows and growth
interface in vertical zone-melting of GaAs.

A theoretical study has been conducted by Straube et al.10 on
the average dynamics of various two-phase systems subjected to
high-frequency transversal vibration using the continuum approach.
They developed a theoretical model for a suspension of nonde-
formable particles for the pulsation and averaged dynamics, ana-
lyzed the stability of a quasi-equilibrium state in a plane layer, and
studied vibrational dynamics of compressible bubbly fluids. The
effect of vibration parallel to an imposed temperature gradient in
a two-phase stratified liquid system is analyzed by Chang et al.11

using a hybrid thermal lattice Boltzmann method. The ability of
the applied vibration to enhance the flow, the heat transfer, and the
interface distortion is investigated. They compared the response of a
two-phase stratified fluid system with a single-phase fluid system.

O’Hern et al.12 performed experiments in a thin quasi-two-
dimensional rectangular cell filled with silicone oil subjected to ver-
tical vibrations. They showed that the upper gas-liquid interface
breaks up into jets and droplets under strong vertical vibrations.
Bubbles are also generated, which move downward against buoy-
ancy toward the bottom of the container and eventually form a

large gas cavity which is stably levitated below another gas-liquid
interface.

Experimental and computational studies of thermal vibrational
convection in the reduced-gravity environment of a parabolic flight
have been performed by Shevtsova’s research team.13–15 Some of
the experiments13 were carried out in a cubic cell with differen-
tially heated walls, which was filled with isopropanol and subjected
to translational vibration in the direction perpendicular to the tem-
perature gradient. Two numerical approaches were employed: two-
dimensional simulations on the basis of averaged equations describ-
ing the mean fields and three-dimensional modeling on the basis of
full Navier–Stokes and heat transfer equations. The authors found
a very good agreement between experimental results and three-
dimensional numerical simulations with real microgravity profile
recorded by the on-board accelerometer.

The dynamical behavior of an isothermal liquid bridge under a
step change in the mass force magnitude has been studied by Ferrera
et al.14 Their numerical results show the same shape and amplitude
of the free surface oscillations as those found experimentally, and
they point out that the liquid bridge is more sensitive to lateral than
axial perturbations.

More recently, Gaponenko et al.15 performed an experimental
and numerical study of the stability of two superimposed miscible
liquids with different densities under horizontal vibrations. They
observed the development of interfacial columnar patterns, the char-
acteristics of which depend on the width of the diffusive transient
zone at the interface. They also find a qualitative agreement between
the numerical results and the parabolic flight experiments.

Particle accumulation structures under the effect of g-jitters
were studied by Lappa16 with the express intent of supporting the
optimization of future experiments to be performed in space. He
showed that the resulting degree of turbulence depends essentially
on the direction, amplitude, and frequency of the applied inertial
disturbance. More recently, Lappa17 investigated the interaction of
different types of flows, induced by buoyancy, Marangoni effect, and
vibrations, as a possible means to control convection structure and
intensity in shallow rectangular cavities filled with a low Prandtl
number liquid. Lappa showed that the effect of a vertical magnetic
field is qualitatively similar to that induced by high-frequency vibra-
tions with the direction parallel to the temperature gradient. In a
second paper, Lappa18 analyzed the impact of hybrid convection
induced by the joint influence of imposed vibrations and surface-
tension-induced forces in a nonisothermal liquid layer. He identi-
fied the regimes of quasi-stationary rolls, standing waves, traveling
waves, and modulated disturbances. Traveling waves can reverse
their direction of propagation in some specific regions of the phase
space.

In the current work, we want to assess the possibility to con-
trol natural convection and consequently heat and mass transfer by
using vibrations, in view of using it during directional solidifica-
tion processes. We have in mind crystal growth applications, but
also the purification of metallurgical grade silicon in order to get
silicon suitable for photovoltaic applications. For that, we present
a theoretical and numerical study on the influence of high frequency
vibrations on convection induced in a crucible with an aspect ratio
A = length/height = 4 containing a melt at low Prandtl number
(Pr = 0.01) subjected to a horizontal thermal gradient. Different val-
ues of the Grashof number Gr and the vibrational Grashof number
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Grv for all possible directions of the vibrations are investigated. The
focus of the work is to describe and analyze the changes of the flow
patterns with the vibration direction. In Sec. II, the studied configu-
ration is described and the governing equations for high-frequency
vibration are derived with the appropriate boundary conditions. The
numerical method and tests of validation are then presented. The
theoretical and numerical results are finally discussed before some
conclusions.

II. MATHEMATICAL FORMULATION
In this section, we describe the mathematical model used for

the numerical simulation of buoyant convection in a melt submitted
to high frequency vibrations.

The geometry of the problem is shown in Fig. 1. It consists of a
rectangular crucible of height H and length L filled with molten sili-
con, a low-Prandtl-number fluid with Pr = 0.01. The aspect ratio for
this cavity is defined as A = L/H. The vertical sidewalls are thermally
conducting and maintained at fixed temperatures, Th at the right hot
wall and Tc at the left cold wall, while the horizontal top and bottom
walls are adiabatic. The flow which develops in the fluid due to the
horizontal thermal gradient resulting from the differentially heated
sidewalls is assumed to be laminar.

A vibration corresponding to a sinusoidal displacement s(t)
= b sin(Ωt)n is applied to the crucible containing the melt. It induces
an acceleration g(t) = bΩ2 sin(Ωt)n. In these expressions, b is the
amplitude of the vibration, Ω = 2πf is the angular frequency, where
f is the frequency, and n is the unit vector indicating the direction
of the vibration, which makes an angle α with the horizontal in the
(x, z) plane. This angle α will be often called vibration angle in the
following.

The Navier-Stokes equations governing the flow in the melt
have then to include the effect of both the static gravity acceler-
ation g0 and the additional vibrational component. The resulting
acceleration g is then

g = g0 + bΩ2 sin(Ωt)n. (1)

For a Newtonian, incompressible fluid and in the Boussinesq
approximation (the density variation may be taken into account only
in the buoyant force, with a linear temperature dependence), the set
of governing equations takes the form

∂V
∂t

+ (V ⋅ ∇)V = −
1
ρ0
∇p + ν∇2V + β(T − T0)gγ

+β(T − T0)bΩ2 sin(Ωt)n, (2)

FIG. 1. Schematic of the crucible subject to thermal vibration. The left and right
sidewalls are cooled and heated, respectively.

∂T
∂t

+ V ⋅∇T = χ∇2T, (3)

∇ ⋅V = 0, (4)

where V , T, p, and t are velocity, temperature, pressure, and time,
respectively. T0 is a reference temperature, T0 = (Th + Tc)/2, and ρ0
is the density at T0. β, ν, and χ are the thermal expansion coefficient,
the kinematic viscosity, and the thermal diffusivity, respectively. γ is
the unit vector in the vertical z direction.

In the limiting case of high-frequency harmonic vibrations,
Gershuni and Lyubimov2 propose to use an averaging method for
studying what they call thermovibrational convection. For that, the
period τ of the vibrations must be much smaller than both the ref-
erence viscous and thermal diffusion times [τ≪ min(H2

/ν,H2
/χ)]

and the displacement of fluid particles during one period of oscilla-
tion must also be much smaller than the characteristic length scale
taken here as the crucible height H. Each convective flow character-
istic, velocity, temperature, and pressure, can be decomposed into a
high frequency oscillatory part (with a characteristic time τ = 2π/Ω)
and a slow evolution part (steady or low frequency oscillatory) cor-
responding to the average on the vibration period τ, which evolves
with a characteristic time much larger than τ.

In the averaging method, the decomposed variables are intro-
duced in Eqs. (2)–(4). These equations limited to the fast terms are
first solved analytically to get expressions of the fast variables (pul-
sation velocity and temperature) as a function of slow variables.
Then by averaging the complete set of equations on a vibration
period and using the expressions of the fast variables, the system
of equations governing the slow evolution flow can be obtained.
Note that an assessment of the thermovibrational theory with a gen-
eral and complete derivation of the asymptotic equations for various
regimes can be found in Savino and Lappa.19 Using H, H2

/ν, ν/H,
∆T/A = (Th −Tc)/A, and ρν2

/H2 as scales for length, time, velocity,
temperature (the temperature is now (T − T0)A/∆T), and pressure,
respectively, and keeping the same notations for the average flow
characteristics, these equations in dimensionless form are

∂V
∂t

+ (V ⋅∇)V = −∇p+∇2V + GrTγ+ Grv(W ⋅∇)(Tn−W), (5)

∂T
∂t

+ V ⋅∇T =
1

Pr
∇

2T, (6)

∇ ⋅V = 0, (7)

∇ ⋅W = 0, ∇×W = ∇T × n, (8)

where W is the solenoidal part of the vector field Tn. It verifies
Eq. (8) and is made dimensionless in the same way as the tem-
perature. As indicated by Gershuni and Lyubimov,2 it is also the
proper amplitude of the pulsation velocity. The parameters involved
in these equations are the Prandtl number Pr, the Grashof number
Gr, and the vibrational Grashof number Grv defined, respectively, as

Pr =
ν
χ

, Gr =
gβ∆TH4

Lν2 , and Grv =
(bΩβ∆T)2H4

2L2ν2 .

No-slip boundary conditions are applied on all the crucible walls,
giving V = 0. Concerning W, due to the neglect of the viscous force
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when deriving the pulsation velocity, a nonpermeability condition
may be imposed rather than the no-slip condition, i.e., Wn = 0,
where Wn is the component of W normal to the wall. The tempera-
ture is imposed on the left and right sidewalls, and the top and bot-
tom walls are adiabatic. In a dimensionless form, this gives T = −A/2
at x = −A/2, T = A/2 at x = A/2, and dT/dz = 0 at z = −1/2 and
z = 1/2.

For this two-dimensional study, it is more convenient to use a
stream function formulation. Two stream functions ψ and F asso-
ciated with the velocity V and the pulsation velocity component W
can be defined

Vx = −
∂ψ
∂z

, Vz =
∂ψ
∂x

, Wx = −
∂F
∂z

, Wz =
∂F
∂x

.

Using the fact that the vibrational term in (5) can be written as
Grv(W ⋅n)∇T with some part included in the pressure (Gershuni
and Lyubimov2) and taking the curl of (5), the complete set of
equations we have to solve is given by

∂∇2ψ
∂t

+ (
∂ψ
∂x

∂∇2ψ
∂z

−
∂ψ
∂z

∂∇2ψ
∂x

)

= ∇
2
∇

2ψ + Gr
∂T
∂x

+ Grv[(
∂2F
∂x2

∂T
∂z

−
∂2F
∂x∂z

∂T
∂x

) sinα

−(
∂2F
∂x∂z

∂T
∂z

−
∂2F
∂z2

∂T
∂x

) cosα], (9)

∂T
∂t

+ (
∂ψ
∂x

∂T
∂z

−
∂ψ
∂z

∂T
∂x

) =
1

Pr
∇

2T, (10)

∇
2F =

∂T
∂x

sinα −
∂T
∂z

cosα. (11)

The boundary conditions for ψ and F associated with Eqs. (9)–(11)
can be written as ψ = 0, ∂ψ/∂x = 0 and F = 0 at x = −A/2 and
x = A/2, andψ = 0, ∂ψ/∂z = 0 and F = 0 at z =−1/2 and z = 1/2. Note
that ψ = 0 and F = 0 correspond to the nonpenetration condition for
V and W, respectively.

The vibration angle α is involved in Eqs. (9)–(11) through the
quantities sin α and cos α, i.e., with a 2π period. In fact, if α is
changed to α + π, sin α and cos α are changed to their opposite, but,
according to (11), F will also be changed to its opposite. As a result,
the vibrational part of the driving force, quantified by Grv in (9), will
not change, indicating an effective period of π. In the following, we
will then choose to take α in the interval [0, π], i.e., [0○, 180○]. We
will also verify that the flows obtained at α = 0○ and 180○, together
with their variations around these values, are identical.

Note that the only symmetry existing in our two-dimensional
problem is the central symmetry Sc, which is defined by

Sc : (x, z) → (−x,−z), (Vx,Vz ,T,F) → (−Vx,−Vz ,−T,F).

III. NUMERICAL METHOD AND VALIDATION
In the current study, we take advantage of the highly accurate

spectral collocation method20 on Gauss-Lobatto-Chebyshev points
to solve the set of Eqs. (9)–(11) with the relevant boundary condi-
tions. As explained by Trefethen,21 if N is the number of discretiza-
tion points, it is always possible to achieve a convergence rate of

TABLE I. Comparison of our results with those of Lappa17 for A = 4, Gr = 2.5 × 104,
and Pr = 0.01, in cases without vibration (Grv = 0) and with vibrations (Grv = 3.125
× 105) in horizontal and vertical directions.

Grv = 3.125 × 105 Grv = 3.125 × 105

Grv = 0 α = 0○ α = 90○

Lappa17 ψmax = 0.678 ψmax = 0.62 ψmax = 0.134
Our results ψmax = 0.678 ψmax = 0.616 ψmax = 0.131

O(N−m) for every natural integer m when using a spectral method,
provided that the solution is infinitely differentiable. Such a behavior
is known as spectral accuracy. In contrast, for finite difference and
finite element methods, the value of m will depend on the order of
approximation and the smoothness of the solution. Since our two-
dimensional physical space is defined on the [0, A] × [0, 1] domain,
the unknown variables will be computed at shifted Gauss-Lobatto-
Chebyshev points adapted to this domain. The variables are interpo-
lated between these points through a series of Lagrange polynomials,
and the approximate values of the partial derivatives of these vari-
ables will be obtained thanks to differentiation matrices, as those
proposed by Trefethen21 and Weideman and Reddy.22

In order to get a good rate of convergence, the steady state solu-
tion of the nonlinear system (9)–(11) is computed with a Newton-
type method based on the Frechet derivative of the nonlinear opera-
tors, as proposed by Phillips.23

Tests of validation and accuracy of our simulations have been
done by comparison of our results with those of Lappa.17 He consid-
ered a cavity with an aspect ratio A = 4 containing molten silicon (Pr
= 0.01). Using our definition of the parameters, the calculations were
performed for Gr = 2.5 × 104, without vibration and with vibrations
in horizontal and vertical directions (Grv = 3.125 × 105). The com-
parisons are shown in Table I. For a grid 61 × 51, we see that there is
a very good agreement between our results and those of Lappa.17

IV. RESULTS
To study the effect of vibrations on convection, we have per-

formed numerical simulations for a cavity with an aspect ratio A = 4
and a fixed Prandtl number Pr = 0.01 corresponding to molten sili-
con. We have considered different values of the Grashof number Gr
and vibrational Grashof number Grv and all the possible orientations
of the vibrations, for α between 0○ and 180○.

A. Influence of the vibration direction
A first series of numerical simulations has been performed for

a fixed value of the Grashof number, Gr = 2500, two values of the
vibrational Grashof number, Grv = 6.25 × 103 and 6.25 × 104, and
regularly spaced values of the vibration angle α between 0○ and 180○.
The results are first shown in Fig. 2, where for the two values of
Grv, the value ψc of the stream function at the center of the cavity
(x = 2, z = 0.5) is plotted as a function of α. ψc will give an indi-
cation on the flow intensity in the central convective roll. Without
vibrations, this central roll, which goes up at the right hot wall and
down at the left cold wall, turns in the counterclockwise direction
and occupies the whole cavity. It is associated with a negative value
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FIG. 2. Stream function at the center of a A = 4 side-heated cavity submitted to
vibrations as a function of the vibration angle α for Pr = 0.01 and Gr = 2500. (a)
Grv = 6.25 × 103 and (b) Grv = 6.25 × 104.

of ψc, more precisely ψc = −6.29, and the maximum value of the
velocity horizontal component is Vx ,max = 19.75. When vibrations
are applied (Fig. 2), we see that ψc strongly varies with the direc-
tion of the vibrations and can even change sign. More precisely,
for 0○ ≤α≤ 90○, ψc remains negative indicating a roll turning in
the same counterclockwise direction as the pure thermal roll, and
this roll has its maximal intensity reached for α close to 45○. For
90○ ≤α≤ 180○, in contrast, there are two values of α, α1, and α2, for
which ψc vanishes, indicating a range [α1, α2], where ψc becomes
positive. It means that, in this range of α, there is a flow inversion
and the central roll now turns in the clockwise direction. As shown
in Fig. 2, when the vibrational Grashof number Grv is increased, the
maximum intensity of the counterclockwise roll is increased, as well
as the size of the range [α1, α2] where a clockwise flow appears and
the maximum intensity of this clockwise roll.

Some more information on the effect of the vibration orienta-
tion in the two same cases is given in Figs. 3 and 4 with the plot of the
maximal absolute horizontal velocity, together with insets showing
the stream function inside the cavity for selected values of α. These
plots confirm that the global range of orientations from α = 0○ to
α = 180○ can be divided in different regions. Note first that when
vibration and imposed temperature gradient are in the same direc-
tion, i.e., for α = 0○, the flow is less intense than the buoyant flow,
indicating that the vibrations induce a damping effect in this case.
In a first region (0○ ≤ α ≤ αm), the vibrations induce an intensifica-
tion of the flow, corresponding to the decrease of the damping for
small values of α and then to an acceleration effect, with a maximal
intensification found for α = αm. In a second region (αm ≤ α ≤ α1),
we observe the decrease of the flow intensity, corresponding first to
the decrease of the acceleration effect and then to a damping effect,
leading to a complex weak flow for α = α1. In a third region (α1 ≤ α
≤ α2), we observe the reverse flow, corresponding successively to an
increase and a decrease of a reverse acceleration effect and still lead-
ing to weak flows for α = α2. Finally, for α2 ≤ α ≤ 180○, we have the
decrease of the damping effect, in continuity with what was found
for α above 0○. Note that the plots of ∣Vx,max∣ do not give clear values
for α1 and α2, as ∣Vx,max∣ can be associated with different rolls in the
cavity.

In the first case, for Grv = 6.25 × 103 (Fig. 3), the structure
of the flow is almost preserved in a large range of α values, with a
single roll in the counterclockwise direction occupying the whole
cavity. The maximum flow intensity is obtained for α ≈ 42○. Struc-
ture changes only occur around the range [α1, α2] of flow inversion.
These changes can be observed in Fig. 3 (insets) and in Fig. 5 where
velocity fields are plotted. At α = 117○, with the decrease of the
vibrational force in the central part of the cavity, the counterclock-
wise flow has split into two counterclockwise rolls in the end parts
of the cavity. A reverse flow is further initiated in the central part,
but, even at its maximum intensity (α ≈ 135○), this reverse flow will
not occupy the whole cavity, counterclockwise rolls remaining in
the upper right and lower left corners. The way back to the coun-
terclockwise roll occurs in a similar way. At α = 153.5○, the central
part is stagnant and counterclockwise rolls are present in the end
parts of the cavity. These two rolls will further merge for larger values
of α.

In the second case, for a larger vibrational intensity (Grv = 6.25
× 104, Figs. 4 and 6), more changes affect the structure of the flow.
The intensification of the flow by a vibrational effect up to αm
≈ 54○ leads to a global counterclockwise circulation around a con-
centrated counterclockwise roll, as obtained in pure buoyant flows
with enough large Gr values. The decrease of the flow intensity for α
up to α1 occurs through different structure changes. When the vibra-
tion direction is perpendicular to the temperature gradient, i.e., for
α = 90○, the global counterclockwise circulation has changed with
the presence of two small clockwise vortices in the upper left and
lower right corners and a counterclockwise diagonal vortex. Very
small changes from this vertical vibration direction will then lead to
main changes in the flow pattern. For α = 92.3○, the counterclock-
wise circulation is now reduced to two vortices in the upper right and
lower left corners, giving a flow structure with a stagnant core and
four vortices in the end parts. For α = 93○, the two clockwise vor-
tices have merged in a global clockwise circulation with still the two
counterclockwise vortices. Note that this flow structure is almost the
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FIG. 3. Maximal absolute horizontal velocity in a A = 4 side-
heated cavity submitted to vibrations as a function of the
vibration angle α for Pr = 0.01, Gr = 2500, and Grv = 6.25
× 103. Insets give the streamfunction ψ in the cavity for
selected values of α.

FIG. 4. Maximal absolute horizontal velocity in a A = 4 side-
heated cavity submitted to vibrations as a function of the
vibration angle α for Pr = 0.01, Gr = 2500, and Grv = 6.25
× 104. Insets give the streamfunction ψ in the cavity for
selected values of α.

up-down symmetric of the flow structure at α = 90○. For larger α, the
clockwise flow will develop and intensify. At its maximum intensity
(close to α = 128○), it has a structure similar to the counterclock-
wise flow at αm, but with a reverse rotation direction. This still gives
an approximate up-down symmetry between these two structures.
The next flow inversion near α2 will occur differently. The clockwise
flow will decrease in intensity (α = 176.4○), then decrease in size with
counterclockwise rolls appearing in the end parts (α = 177.3○), and
finally disappear giving a stagnant core, while the counterclockwise
rolls develop in size and intensity (α = 177.7○). At α = 180○, the two
counterclockwise rolls have eventually merged giving a global coun-
terclockwise circulation in the cavity. Note that the transition near
α2 is somewhat similar to what was found for the smaller value of
Grv.

The changes of the flow pattern when the vibration direction
is modified are expected to be connected with the changes affecting
the global driving forces due to gravity and vibration. In particular,
the flow inversion observed around α = 135○ must correspond to

such forces in a direction opposite to those due to the sole gravity,
allowing the hot fluid to go down and the cold fluid to go up. The
same kind of effect may be involved in the experiment of O’Hern
et al.12 on silicon oil mentioned in the Introduction, which depicts
the descending movement of bubbles and the levitation of a gas cav-
ity below a liquid zone when the container is subjected to strong
vibrations. We will study that in more detail in Secs. IV B and IV C.

B. Theoretical model accounting for flow inversion
In Sec. IV A, it has been shown that the vibrations can strongly

change the convective flow induced by side-heating. Depending on
the vibrations direction, the flow can be amplified or damped, with
even the possibility of flow inversion. From the two previously con-
sidered cases (Gr = 2500 and Grv = 6.25 × 103 and 6.25 × 104), the
flow inversion is found to occur between critical vibration angles α1
and α2, which seem to depend on the characteristic parameters of
the cases considered.
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FIG. 5. Velocity vector fields in a A = 4 side-heated cavity submitted to vibrations
for selected vibration angles, α = 117○, 135○, and 153.5○ (Gr = 2500, Grv = 6.25
× 103, and Pr = 0.01).

Our objective is to derive a general theoretical expression for
these critical angles. For that, different observations can be made.
First, these critical angles exactly correspond to flow inversion in the
central part of the cavity, i.e., to situations with very weak flows in

FIG. 6. Velocity vector fields in a A = 4 side-heated cavity submitted to vibrations
for selected vibration angles, α = 45○, 92.3○, 135○, and 177.7○ (Gr = 2500, Grv

= 6.25 × 104, and Pr = 0.01).

these zones, for which the global driving force must be almost zero.
Using Eq. (9), we can then write

Gr
∂T
∂x

+ Grv[(
∂2F
∂x2

∂T
∂z

−
∂2F
∂x∂z

∂T
∂x

) sinα

−(
∂2F
∂x∂z

∂T
∂z

−
∂2F
∂z2

∂T
∂x

) cosα] = 0. (12)

These very weak flows are generally associated with a diffusive
regime for the temperature. This is confirmed in Fig. 7(a), where the
temperature field is plotted for the case Gr = 2500 and Grv = 6.25
× 103 and a vibration angle α = 117○, a value close to the critical
angle α1 of flow inversion. We can then assume that

∂T
∂z

= 0 and
∂T
∂x

≅
∆T
∆x

=
(A/2) − (−A/2)

A
= 1. (13)

Some information is also needed for the stream function F associated
with the pulsation velocity component W. For the same case close to
the critical angle α1, the field of F is plotted in Fig. 7(b). We see that,
in the central part of the cavity, F is quite independent of x and only
depends on z. We can then assume that

F =F(z) and ∂F/∂x, ∂(∂F/∂x)/∂x and ∂(∂F/∂z)/∂x are weak.
(14)

Moreover, using the assumptions given in Eqs. (13) and (14),
Eq. (11) will give

∂2F
∂z2 = sinα. (15)

Using all these particular properties of T and F, only the term
∂2F
∂z2

∂T
∂x cosα will remain in the vibrational part of the driving force

and Eq. (12) will then be simplified to

Gr + Grv[sinα cosα] = 0. (16)

Note that Gershuni and Lyubimov2 found a similar expression for
the no-flow equilibrium condition in a plane fluid layer inclined at
an angle α to the vertical and subjected to a horizontal temperature
gradient and vertical vibrations.

A simple equation for the critical values of α can then be
obtained, which is

sin 2αc = −2Gr/Grv. (17)
The expression of αc (17) indicates that the critical angles only exist
for 2 Gr

Grv
≤ 1. This is then a condition for the observation of flow

inversion, which can be written as
Grv

Gr
≥ 2. (18)

Equation (17) for αc can be further resolved. In the case where the
condition (18) is verified, we can define the angle θ0 such that

sin θ0 = 2Gr/Grv. (19)

The general solutions for αc are then given by

2αc = π + θ0 + 2kπ and 2αc = −θ0 + 2kπ, (20)

which, in the range [0○, 180○] considered here, gives

α1 = 90○ + θ0/2 and α2 = −θ0/2 + 180○ with θ0 = asin[2/(Grv/Gr)].
(21)
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FIG. 7. Isotherms (a) and iso-F lines (b) in a A = 4 side-heated cavity submitted to vibrations for the case Pr = 0.01, Gr = 2500, and Grv = 6250 with a vibration angle
α = 117○, i.e., close to the limit of flow inversion α1.

Equation (21) gives simple expressions for the vibration limit angles
α1 and α2 defining the domain of flow inversion. In particular, we see
that α1 and α2 are always between 90○ and 180○, that they are equally
spaced from 90○ and 180○, respectively, and that the domain of flow
inversion they determine increases when θ0 is small, i.e., when the
ratio Grv/Gr is strong.

C. Discussion on vibration effect and flow inversion
In order to check the validity and the precision of the theoreti-

cal expressions for the critical vibration angles given in (21), we can
first calculate the theoretical values for the two cases discussed in
Sec. IV A. In the first case (Gr = 2500, Grv = 6250, Grv/Gr = 2.5), we
obtain α1 = 116.565○ and α2 = 153.435○, and in the second case (Gr
= 2500, Grv = 6.25 × 104, Grv/Gr = 25), we obtain α1 = 92.294○ and
α2 = 177.706○. These values are close to those obtained from the sim-
ulations, which are estimated from the conditionψc = 0, first roughly
using Fig. 2 and then more precisely with extra-calculations. Indeed,
we obtain α1 = 116.8○ and α2 = 153.3○ in the first case and α1 = 92.3○
and α2 = 177.7○ in the second case.

The expressions given in (21) also indicate that the range of
vibration angles giving a flow inversion only depends on the ratio
Grv/Gr. To check that, a series of computations have been per-
formed for different Grashof and vibrational Grashof numbers giv-
ing the same ratio Grv/Gr. Two ratios have been chosen, Grv/Gr
= 2.5 and 25, both being larger than 2 in order to observe a flow
inversion. The variation of the stream function at the center,ψc, with
the vibration angle α is plotted in Figs. 8 and 9 for the two differ-
ent ratios Grv/Gr. At fixed ratio, we observe a general increase of
the intensity of the flow in the main central roll when Grv and Gr
are increased. This increase of the flow is effective for all vibration
angles, i.e., in both situations with the usual counterclockwise roll
and with flow inversion, and then also affects the maxima of both
counterclockwise and clockwise flows. Moreover, for each ratio, the
curves of ψc obtained in the different cases go to zero for the same
values of α, determining the same α range where flow inversion
occurs. This range is still very well defined by the expressions of α1
and α2 given in (21) and the values obtained are those already indi-
cated at the beginning of this section. Figures 8 and 9 also clearly
show that the α range for flow inversion increases when the ratio
Grv/Gr is increased, as it was expected from the expressions in (21).

Note that the maximum α range for flow inversion corresponds
to [90○, 180○] and is obtained for θ0 = 0, i.e., for very large values
of the ratio Grv/Gr. In that limit, we have a counterclockwise flow
for α ∈ [0○, 90○] and a clockwise flow for α ∈ [90○, 180○]. More-
over, as shown in Fig. 10 with cases corresponding to large values

FIG. 8. Stream function at the center of a A = 4 side-heated cavity submitted to
vibrations as a function of the vibration angle α for Pr = 0.01 and different values
of Gr and Grv corresponding to Grv/Gr = 2.5. Flow inversion occurs for the same
values of α1 and α2.

FIG. 9. Stream function at the center of a A = 4 side-heated cavity submitted to
vibrations as a function of the vibration angle α for Pr = 0.01 and different values
of Gr and Grv corresponding to Grv/Gr = 25. Flow inversion occurs for the same
values of α1 and α2.
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FIG. 10. Stream function at the center of a A = 4 side-heated cavity submitted to
vibrations as a function of the vibration angle α for Pr = 0.01, Gr = 250, and Grv

= 12 500, 25 000, 50 000, 125 000, and 250 000 corresponding to Grv/Gr = 50,
100, 200, 500, and 1000, respectively. ψc(α) is given as solid lines. In order to
compare the intensity of the counterclockwise and clockwise flows, −ψc(180○

− α) is also plotted as dashed lines. For these strong values of Grv/Gr, flow inver-
sion occurs for values of α1 and α2 very close to 90○ and 180○, respectively, and
the intensities of the counterclockwise and clockwise flows are very similar.

of Grv/Gr, the curves of ψc vs α eventually give clockwise flows
with the same intensity as counterclockwise flows. In fact, it can
be shown that, in the limit of large Grv/Gr, the flow obtained for
α = 90○ + θ is exactly the reverse flow of that obtained for α = 90○ − θ
and corresponds to its symmetric with respect to the up-down sym-
metry (such approximate symmetry was observed in Sec. IV A for
Grv/Gr = 25). Indeed, in that limit, the vibrational part of the driv-
ing velocity is dominant and the buoyancy part can be neglected.
We have then to show that, if Vx ,1, Vz ,1, T1, and F1 are the fields
defined at x1 and z1 and solutions for α = 90○ − θ with the vibra-
tional force Fv1, the fields obtained by the up-down symmetry, Vx ,2
= Vx ,1, Vz ,2 = −Vz ,1, T2 = T1, and F2 = F1 at x2 = x1 and z2 = −z1
are solutions for α = 90○ + θ with the vibrational force Fv2 = −Fv1.
First, F1 is solution of ∆F1 =

∂T1
∂x cos θ − ∂T1

∂z sin θ and F2 is solu-
tion of ∆F2 =

∂T2
∂x cos θ− ∂T2

∂z (− sin θ) = ∂T1
∂x cos θ− (−

∂T1
∂z )(− sin θ)

so that we see that F1 and F2 verify the same equation and F2 = F1.
Concerning the driving force Fv1 for α = 90○ − θ, it is given by

Fv1 = Grv[(
∂2F1

∂x2
∂T1

∂z
−

∂2F1

∂x∂z
∂T1

∂x
) cos θ

−(
∂2F1

∂x∂z
∂T1

∂z
−
∂2F1

∂z2
∂T1

∂x
) sin θ],

whereas for α = 90○ + θ, we have

Fv2 = Grv[(
∂2F2

∂x2
∂T2

∂z
−

∂2F2

∂x∂z
∂T2

∂x
) cos θ

−(
∂2F2

∂x∂z
∂T2

∂z
−
∂2F2

∂z2
∂T2

∂x
)(− sin θ)],

and then

Fv2 = Grv[(
∂2F1

∂x2 (−
∂T1

∂z
) − (−

∂2F1

∂x∂z
)
∂T1

∂x
) cos θ

−((−
∂2F1

∂x∂z
)(−

∂T1

∂z
) −

∂2F2

∂z2
∂T1

∂x
)(− sin θ)]

= −Fv1,

i.e., the force Fv2 for α = 90○ + θ is the opposite of Fv1 for α = 90○
− θ. Similar flows, but with opposite rotation direction, will then be
generated in both cases in the limit of large values of Grv/Gr. As
a result, strong vibrations with directions that are either parallel,
α = 0○ (or α = 180○), or perpendicular, α = 90○, to the thermal
gradient will lead to very weak flows and have to be avoided if the
objective is to enhance the flow as in mixing applications and sili-
con purification processes. These vibration directions, however, are
recommended for stabilizing the system.

Finally, according to (18), flow inversion can only occur for
Grv/Gr ≥ 2. For smaller values of Grv/Gr, vibrations will act on
the buoyancy flow and modify its intensity, but will never invert the
rotation direction of the main central roll, regardless of the vibration
angle α. The limit situation Grv/Gr = 2 corresponds to θ0 = 90○ and
then to α1 = α2 = 135○, i.e., the domain of flow inversion disappears
at α = 135○. The results obtained for Gr = 2500 and three values of
Grv (1250, 3125, and 5000) are shown in Fig. 11 where we plot ψc vs
α. The ratios Grv/Gr are then 0.5, 0.8, and 2. As expected, no flow
inversion is observed in these cases. Note that for the limit theoret-
ical value for flow inversion, Grv/Gr = 2, the results show that the
curve of ψc has its maximum value which is still negative, but very
close to ψc = 0 and reached for α close to 135○. This theoretical limit
value is then a good approximation of the limit for flow inversion in
our two-dimensional cavity.

FIG. 11. Stream function at the center of a A = 4 side-heated cavity submitted
to vibrations as a function of the vibration angle α for Pr = 0.01, Gr = 2500, and
Grv = 1250, 3125, and 5000. The ratios Grv/Gr are then 0.5, 0.8, and 2. No flow
inversion occurs in these cases, but the case at Grv/Gr = 2 is at the limit of flow
inversion with a maximum value of ψc close to zero at α = 135○, as predicted by
our model.
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Note finally that the theoretical model has been validated for
a A = 4 cavity and a melt with Pr = 0.01. We can expect that the
assumptions on F (F and its derivatives independent of x in the
central part of the cavity) will be well verified for large aspect ratio
cavities and that those on T (diffusive T field) will benefit from small
values of Pr.

V. CONCLUSION
In the present work, the convection induced in a silicon melt

inside a rectangular crucible with vertical hot and cold walls and sub-
mitted to high frequency vibrations has been considered. Assuming
the period of the vibrations to be much smaller than viscous and
thermal diffusion times, the averaging method proposed by Ger-
shuni and Lyubimov2 has been used to derive the mean flow and
temperature equations, which are then solved with a Chebyshev
spectral collocation method. Theoretical and numerical studies for
different values of the Grashof number Gr and vibrational Grashof
number Grv and all possible directions for the vibrations, from 0○ to
180○ with respect to the temperature gradient, have then been per-
formed. Numerical results show that the global range of vibration
angles from α = 0○ to α = 180○ can be divided in different regions
for each set of parameters (Gr and Grv). A vibration effect leads to a
flow damping for small vibration angles and a flow enhancement for
moderate angles, up to a maximal value reached for a critical angle
αm in the neighborhood of 45○. The decrease of the flow intensity
beyond αm can eventually lead for certain couples of parameters Gr
and Grv to flow inversion in a specified angle range [α1, α2] inside
[90○, 180○].

A general theoretical expression has been derived for the limit
vibration angles α1 and α2 defining the domain of flow inversion.
We use the fact that flow inversion occurs when the global driving
force is zero in the central part of the cavity, which also leads to spe-
cific properties of the different scalar fields involved. This theoretical
expression gives the flow inversion angle range as a simple function
of the ratio Grv/Gr. For any ratio Grv/Gr, a very good agreement
is found between the numerical results and the prediction of the
theoretical model, with very close values of α1 and α2.

Two limiting cases have also been discussed. The case of very
large values of the ratio Grv/Gr corresponds to the maximum α
range, [90○, 180○], for flow inversion, and, in this limit, the reverse
flow is as intense as the usual flow, with both flows connected by
an up-down symmetry between states corresponding to vibration
angles on both sides of α = 90○. In contrast, for small values of
Grv/Gr, flow inversion cannot occur, up to the limit Grv/Gr = 2
given by the theoretical model and well reproduced by the numerical
results.
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